This project consists of the optimization of a chemical reactor train. The reactor considered here is the continuous stirred tank reactor (CSTR), one of the reactor models used in engineering. Given the design equation for the CSTR and the cost function for a reactor, the following values are determined; the optimum number of reactors in the reaction train, the volume of each reactor and the total cost.
where is the concentration of the reactant leaving the reactor and is the concentration of reactant entering the reactor. These concentrations have units of .
The quantity is the volumetric flow rate of liquid (in ) entering and leaving the reactor and is the first order rate constant in . The volume of the reactor (in ) is represented by
. We are interested in a particular reaction involved in the manufacture of nylon. The first order rate constant is and we wish to process of liquid. At the end of the process we want the concentration of to be of its starting value (i.e. ).
The question is whether to do this with a single reactor or to chain reactors in series where the outlet from one reactor is the inlet to the next.
The cost function for a reactor is expressed by:
where is the volume of the reactor. There are some advantages of CSTR such as "the low capital cost and the potential flexibility to make more than one product". (Industrial Tomography Systems) However, there are also some disadvantages like "the high energy usage/unit of product, variations in the degree of mixing and the fact that the reaction conditions vary throughout the batch tending to result in the creation of waste products." (Industrial Tomography Systems)
As mentioned above, a low capital cost can be an advantage; however it is important to know the number of reactors that should be used in series in order to optimize the cost of a specific CSTR. Millions of dollars can be saved by finding the optimum number or reactors. This is where calculus comes into play; it can be applied to deal with such problems. By taking the first and second derivative of the cost function relative to the number of reactors , the optimum number of reactors can be found.
MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
The question for this problem is whether to do the project with a single reactor or to chain reactors in series where the outlet from one reactor is the inlet to the next one, assuming that any reactors placed in a series would all have the same volume. There are two possible options to resolve this problem: (1) a single reactor or (2) a chain of reactors in series. A comparison of the two options needed to find which is better suited for a particular enviroment. 
OPTION 1 -SINGLE REACTOR
In this case there is only one reactor so it is simple to calculate the volume and costs associated with the reactor given the relationships defined in the problem statement. We have that , .
Using and together with the equations in (1) we can determine the volume of the reaction tank:
( 2) and implies that .
The relationship between the volume and the cost is given from the following equation:
In summary, to achieve the desired concentrations with a single reactor the tank, it needs to be and will cost around million.
OPTION 2 -CHAIN OF REACTORS IN SERIES
For this option, the relationship between the concentration of the reactant leaving the final reactor and the concentration of the reactant entering the initial reactor is fixed, but the concentrations from the outlet of one reactor to the inlet of the next one is unknown.
In this setup, if there are reactors then
, , … , .
Combining the equations from (4) with (5), we get the general relationship (6) for . Recursively applying (6), this can also be written as .
for . Thus, for we have .
As in the single reactor option, we use the facts that , , and to determine the volume of each reaction tank in the series:
.
Therefore the volume of each CSTR should be . Since the cost of each reactor is dollars, if reactors are used the cost is
We shall now minimize the cost function in (10) with respect to using derivatives. The first derivative is (11) . (12) Equation (12) represents the first derivative of the cost function for reactors in a series. It is hard to solve this equality (setting it equal to ) analytically. Therefore, numerical methods are needed to find the optimal points.
The equations for the volume, cost, and the first derivative with their respective values were plugged into excel and the data was recorded in Appendix A. We can see that the cost is at its minimal values when is between 3 and . There is a decrease in the cost value as goes from to and then the cost increases again as increases. Using the values of the first derivative obtained through trial and error, the optimal value of was found to be .
However, represents the number of reactors places in a series and therefore it needs to be a positive integer. Therefore the optimum number of reactors in the reaction train is , which is supported by the values in Table 1 . Note that the first derivative is decreasing for large values of n, but the cost continues to rise. We conclude that is a minimum while approaches a maximum as .
Given that , the volume of each CSTR is and the associated cost is around million.
COMPARISON OF OPTION 1 AND OPTION 2
Option 1 require a tank of size and will cost while option 2 will require tanks of size and will cost . Clearly, option 1 will cost more than four times as much as option 2 and will take up over times the volume.
DISCUSSION
After comparing the two options for reducing the concentration of a reactant, the results showed that using four reactors with equivalent volumes minimizes the production cost.
For the single reactor option, the volume was calculated to be and the total cost to be . For the series of reactors, the optimal number of reactors was found to be four, each having a volume of for which the total cost was . Using four reactors in a series permitted the savings of millions of dollars: a net benefit of . The minimum cost was found and project objective was met.
The number of reactors which minimized the cost was expected. Having only one reactor is a disadvantage since the cost is related to its volume. Using only one reactor requires a larger volume and, by their association, a higher cost. On the other hand if too many reactors are used in series, the volume is diminished but the cost of each reactor is expensive when all summed together. Therefore a few reactors (between 2 and 6) were expected.
The low cost of a continuous stirred tank reactor can be an advantage for industries.
However, this process is streamlined by minimizing the cost. In this project, calculus techniques such as the first derivative test were used to find the optimal number of reactors in series allowing industries to save millions of dollars.
CONCLUSION AND RECOMMENDATIONS
This project concerned the optimization of a chemical reactor train. The design equation
for the CSTR and the cost function for a reactor were given. After exploring two different possibilities and comparing them, the number of reactors that minimized the cost was established.
With one reactor, the volume and the cost were easily determined. When a series of reactors were considered, a general formula relating the final concentration of the reactant leaving the final reactor and the initial concentration of the reactant entering the first reactor was found. This formula established a pattern between each concentration leaving the previous reactor and entering the pursuant reactor.
Calculus was used to determine the optimum number of reactors in the reaction train. 
